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Extrapolation theory
Classical A;, theory

The Hardy-Littlewood maximal operator

Definition

We consider the Hardy-Littlewood maximal operator defined by

Mf() 228|Q|/'f )Idy.
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Extrapolation theory
Classical A;, theory

LP and LP>° spaces

Definition

Given a weight w > 0, for 1 < p < co:

1niy = | 1f@Pu(a)da,

and also

t>0

1y = 502 [ (@)
{lf1>t}

It holds that LP C LP>*°
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LP and LP>° spaces

Definition

Given a weight w > 0, for 1 < p < oo:

1y = | @Pwie)s

and also

VI ey = supPw({If] > £1).
t>0

It holds that LP? C LP-*°. For an operator T', we will say

ITfllzree SN fllze  ~» WEAK-TYPE (p,p)



Reaching L~ via Extrapolation — C. Domingo-Salazar
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Classical A;, theory

LP and LP>° spaces

Definition

Given a weight w > 0, for 1 < p < oo:

1y = | @Pwie)s

and also
10y = sUD P ({If] > £1).
>0

It holds that LP? C LP-*°. For an operator T', we will say

ITxE|Lr < lxellLe ~ RESTRICTED WEAK-TYPE (p,p)
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A, weights — Muckenhoupt (1972)

For every 1 < p < oc:

||Mf||LP(w) < ||f||Lp(w) S we A,
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For every 1 < p < oo:
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lwlla, = = sup

w(@Q) (v @)\
e\ 1@l
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A, weights — Muckenhoupt (1972)

For every 1 < p < oo:
||Mf||LP(w) < ||f||Lp(w) S we A,

and w € A, if

lwlla, = = sup

w(@Q) (v @)\
e\ 1@l

For p =1,
1M fllreew) Sfllziw) € u € A,

and u € Ay if

llul|a, = inf{C > 0: Mu(z) < Cu(z) a.e.} < cc.
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A, weights — Muckenhoupt (1972)

For every 1 < p < oo:
||Mf||LP(w) < ||f||Lp(w) S we A,

and w € A, if

lwlla, = = sup

w(@Q) (v @)\
e\ 1@l

For p =1,
1M fllreew) Sfllziw) € u € A,

and u € Ay if

llul|a, = inf{C > 0: Mu(z) < Cu(z) a.e.} < cc.

Sfllze) € w e A,y
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Characterization of A,

P. Jones' Factorization:

weA Sw= v Py, for some u,v € A;.
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Extrapolation theory
Classical A;, theory

Characterization of A,

P. Jones' Factorization:
weA Sw= v Py, for some u,v € A;.
Coifman - Rochberg’s construction of A; weights:
ve A ev~ (Mf)°, forsome feLi, and0<d<1.

Therefore, we can think of A, weights as those of the form:

Proposition

A, = {(Mf)5<1-P>u cfeLl,0<d<landue Al}.
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An important property: Reverse Holder

With this characterization, for every w € Ap:

w = (Mf)°0Pu = (Mf)°=P (Mg)°.
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Extrapolation theory
Classical A;, theory

An important property: Reverse Holder

With this characterization, for every w € Ap:
w = (Mf)*0Phu= (M [y (Mg)P.
So it is immediate to see that, for some small ¢, (e < min {1T’5, %})
wte = (M )7 OP (Mg)
with 0 < ¢’, 8 < 1 and hence,

wlte e Ap.
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Rubio de Francia

In this setting:

Theorem (Rubio de Francia's Extrapolation - 1984)

Given a sublinear operator T such that for some 1 < pg < co we have
| T fll Lrosoo (wy S IfllLroqwy — for every w € Ay,
then, for every 1 < p < oo,

ITflleew) S Nfllerwy — for every w € Ay,
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Extrapolation theory
Classical A;, theory

Rubio de Francia

In this setting:

Theorem (Rubio de Francia's Extrapolation - 1984)

Given a sublinear operator T such that for some 1 < py < co we have
| T fll Lrosoo (wy S IfllLroqwy — for every w € Ay,

then, for every 1 < p < oo,

ITflleew) S Nfllerwy — for every w € Ay,

v

Notice that the endpoint p = 1 cannot be reached. \
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Goal

Remark (This is the plan...)

1T fllLro-ow) S 1 fllro(wys Yw € Ap,
¥
ITfllLroowy S Nfllor), Yu € Az

Take for instance T'= M o M.
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Remark (This is the plan...)
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A weaker assumption on the boundedness.
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Goal

Remark (This is the plan...)

ITXEl 7o) S IXENLro @)y Y € Ay
bh U’ ”
ITfllLr oy S Nl Yu € Ax.

A stronger assumption on the weights.
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Goal

Remark (This is the plan...)

ITxEl Lro > @) S IXE|lLro(w), Yw € Ap,
U
ITxElL1~w@) S IXElL1 (),  Yu € As.

We only get restricted weak-type (1,1), but we will usually deal with it.

But, how do we find these new weights /Alp??
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Searching the weights

Kerman and Torchinsky (1982): For 1 < p < oo:
IMXE| Lro@w) S IXELr@) € w € AR

where, for 1 < p < o0, wEA;2 if

o EL(w@NTP
ol = 1 (i) <>
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Kerman and Torchinsky (1982): For 1 < p < oo:
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where, for 1 < p < o0, wEA;2 if

o [EL (W@
ol = 1 (i) <>
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Searching the weights

Kerman and Torchinsky (1982): For 1 < p < oo:
IMXE| Lro () S w(E)/P & w e AR

where, for 1 < p < o0, wEA;2 if

o EL(w@NTP
ol = 1 (i) <>

AR = A;... we'll see why this makes sense!!
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A, weights and a new extrapolation

Searching the weights

The key fact for the new extrapolation:

Theorem (Carro, Grafakos, Soria)

Given a locally integrable function f and u € Ay, then

(Mf)'~Pu e AT,

with
_ 1
1M Pullar S llullf”.
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Extrapolation theory

A, weights and a new extrapolation

Searching the weights

The key fact for the new extrapolation:

Theorem (Carro, Grafakos, Soria)

Given a locally integrable function f and u € Ay, then

(Mf)'~Pu e AT,

with
_ 1
1M Pullar S llullf”.

,Zp = flay = (Mf)'"Pu, where f € L}, .,uc A} C AZ},

N
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The extrapolation result

Theorem (Carro, Grafakos, Soria)

Given a sublinear operator T' such that for some 1 < py < oo we have
ITX 5| Lroes () S w(E)YPe for every w € Ay,

then, for every 1 < p < oo,

1T XE || Lros () S w(E)YP for every w € A,.
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Extrapolation theory
A, weights and a new extrapolation

The extrapolation result

Theorem (Carro, Grafakos, Soria)

Given a sublinear operator T' such that for some 1 < py < co we have
ITX 5| Lroes () S w(E)YPe for every w € Ay,

then, for every 1 < p < oo,

1T XE || Lros () S w(E)YP for every w € A,.

Here we reach the endpoint p = 1, and /Alp = A,/
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Overview

Ay ={(Mf)P°OPy: §<lue A} A, = {(Mf)'Pu : uec A}
T w.t (po,po) for every w € Ay, T r.w.t (po,po) for every w € ﬁpo
T st (p,p) for every w € 4, T rw.t (p,p) for every w € Ep

(1<po<oo, 1<p<oo) (1<py<oo, 1<p<o0)
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A weaker hypothesis

If for some 1 < pp < 0o
ITXE|Lro->(w) S w(E)l/po VE, w € A\po.
then, for every 1 < p < o0

ITXE roe () S w(BE)YP VE,w e A,.



Reaching L~ via Extrapolation — C. Domingo-Salazar
Extrapolation theory
A, weights and a new extrapolation
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If for some 1 < pg < o0
ITXE| Lrooe (vt py1—rouy S [(MF) TPoul(E)/Po VE, f,u.
then, for every 1 < p < o0

ITXE N Lroe (e pyi-ray S [(MPPU(B)P VE, fu.
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A weaker hypothesis

If for some 1 < pg < o0
1T Xl ro o= (a1 py1-rouy S (M) Pou](E)/P0 VE, fou.
then, for every 1 < p < o0
ITX B Lo ((ar py1-ruy S (M F)' Pl (E)YP VE, f,u.
But we also have: If for some 1 < pg < o0
ITXE Lro-oe (Mym)t—rou) S W(E) /P VE, u.
then, for every 1 < p < oo

ITX Bl Lo (rxmy—ru) S WE)YP VE, u.
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A weaker hypothesis

If for some 1 < py < oo
ITxEl Lroo (a1 py1-pou) S (M f)'=Pou](E)Po VE, f,u.
then, for every 1 < p < oo
ITx Bl oo (ar vy S (M) Pul(ENYP VE, fu.
But we also have: If for some 1 < pg < o0
ITXE Lo (M) —Pou) S u(E)l/pO VE, u.
then, for every 1 < p < o0

ITXE| oo (a1 p)-pu) S W(E)YP VE, .
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Statement

Theorem (Carro, D-S)

Given an operator T' such that for some 1 < py < oo and every u € A;:

ITX Bl Lro o ((Mxmy1—rouy S w(E)P0,

then for every u € Aj,

ITxElLto @ S u(E).
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Statement

Theorem (Carro, D-S)

Given an operator T' such that for some 1 < py < oo and every u € A;:

ITX Bl Lro o ((Mxmy1—rouy S w(E)P0,

then for every u € Aj,

ITXElz1 W) S u(E).

A

Theorem (v. 2.0)

Given an operator T such that for every u € Ay there is 1 < pg < 00
such that:

ITX Bl Lro o ((Mym)i-rouy S w(E)P,

then for every u € Ay,

ITXE| L1 @) S u(E).
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When does Restricted Weak-Type (1,1) imply Weak-Type (1,1)777 I

In general, it is not true!! For instance, take the operator

Hf X(Ow ()

9

L1 (0,1)

which is related to Bourgain's return time theorems.
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Extrapolation theory
(e, ) — atomic operators

From restricted weak-type to weak-type

When does Restricted Weak-Type (1,1) imply Weak-Type (1,1)777 I

In general, it is not true!! For instance, take the operator

Hf X(Ow ()

9

L1 (0,1)

which is related to Bourgain's return time theorems.

It is immediate to check that

so it is of restricted weak-type (1,1) for weights in A;. However it is not
of weak-type (1,1)!!
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(e, ) — atomic operators

From restricted weak-type to weak-type

Definition

A sublinear operator T is (¢,0)—atomic if, for every € > 0, there exists
0> 0 s.t.

ITallz1tr < ellally,

for every §-atom a ([ a =0 and suppa C Q with |Q] < 6).
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with K € LP for some 1 < p < o0, is (g, d)—atomic.
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Extrapolation theory

(e, ) — atomic operators

From restricted weak-type to weak-type

Definition

A sublinear operator T' is (e,0)—atomic if, for every € > 0, there exists
0> 0 s.t.

ITallz1tr < ellally,

for every §-atom a ([ a =0 and suppa C Q with |Q] < 6).

For instance:
°

Tf(z) = K * f(x),

with K € LP for some 1 < p < o0, is (g, d)—atomic.

o If {T},},, is a sequence of (g,d)—atomic operators, then:

1/q
T*f($)=SI:LPITnf(JJ)I, and Tf(%)Z(ZI%f(JJ)I") ;

are (g,0)—atomic approximable, for every g > 1.
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Extrapolation theory
(e, ) — atomic operators

From restricted weak-type to weak-type

Proposition

If T is (¢,0)— atomic (approximable), then for every u € A;:

Restricted Weak-Type (1,1) <=  Weak-Type (1,1).

This explains why AT = A, ! l
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(e, ) — atomic operators

Applications

More examples:

(i) If u(x,t) = Py % f(x) is the Poisson integral of f, the Lusin area
integral is defined by

1/2
dydt
Suf (@) = ( L )|w<y,t>|2tn_1> ,

where I'o(z) = {(y,t) € R} : |y — 2| < at}.
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Applications

More examples:

(i) If u(x,t) = Py % f(x) is the Poisson integral of f, the Lusin area
integral is defined by

1/2
dydt
Suf (@) = ( L )|w<y,t>|2tn_1> ,

where I'o(z) = {(y,t) € R} : |y — 2| < at}.
(i) The Littlewood-Paley g-function

1/2

9(f) () = ( / Oot|VU(x,t)|2dt>
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Extrapolation theory
(e, ) — atomic operators

Applications

More examples:

(i) If u(x,t) = Py % f(x) is the Poisson integral of f, the Lusin area
integral is defined by
>1/2

Suf(a) = ( / V0
1/2

dydt
tn—l

where I'o(z) = {(y,t) € R} : |y — 2| < at}.
(i) The Littlewood-Paley g-function

9(f) () = ( / Oot|VU(x,t)|2dt>

(iii) The intrinsic square function G, (introduced by M. Wilson), Haar
shift operators, singular integrals, averages of operators...
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Bochner-Riesz

Definition (The Bochner-Riesz operator)
Given A > 0,

DHE) = (1 - [ F©).

When \ > "771
ITNf| S MS.
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The Bochner-Riesz operator at the critical index

Bochner-Riesz

Definition (The Bochner-Riesz operator)
Given A > 0, -
(TAf)(&) = (1= |12 F(8).

When \ > "771
ITNf| S MS.

From now on, we fix \ = "T_l ~» THE CRITICAL INDEX.
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The (short) story

@ In 1988, M. Christ shows that T is of weak-type (1,1) (without
weights).
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The Bochner-Riesz operator at the critical index

The (short) story

@ In 1988, M. Christ shows that T is of weak-type (1,1) (without
weights).

@ In 1992, X. Shi and Q. Sun prove that T) is of strong-type (p,p) for
A

p-

@ In 1996, A. Vargas obtains the weak-type (1,1) for weights in A;.
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A restricted weak-type estimate

Our result

We prove that

Theorem (Carro, D-S)

Given u € Ay, for some 1 < pg < o0

ITA(XE) | Lro-o (Mxm)t—Pou) S u(E)'/Pe,
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The Bochner-Riesz operator at the critical index

A restricted weak-type estimate

Our result

We prove that

Theorem (Carro, D-S)

Given u € Ay, for some 1 < pg < o0

IT5 (B | Lro oo ((Mxm)1—pou) S w(E)/P0.

@ This is stronger than A. Vargas' result about the weak-type (1,1) for
Aq weights.

o It also allows to get endpoint results for average operators, as we
will see later on.
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The Bochner-Riesz operator at the critical index
A restricted weak-type estimate

Decomposition of the kernel

We use the standard decomposition of the convolution kernel:
o0
Df=Kxf= (> K;i|=*f,
j=1

with |K;(z)] <27 xp(0,25)(x). Clearly, for every j > 1,

[+ f(2)] S M f(x).
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The Bochner-Riesz operator at the critical index
A restricted weak-type estimate

Reverse Holder to the rescue in A,—theory

Fix w € As. We have, for every j > 1:
o [|Kj* flla S 27| fll2, (M. Christ)
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Interpolating with change of measure: For every 0 < 6 < 1,

o [IK; * fllzaqwoy S 2707 fll 2wy
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The Bochner-Riesz operator at the critical index
A restricted weak-type estimate

Reverse Holder to the rescue in A,—theory

Fix w € As. We have, for every j > 1:
o [|K;* flla S277| £l (M. Christ)

o ||K;* fllrzw) S 12 (w)-
Interpolating with change of measure: For every 0 < 6 < 1,

o [IK; * fllzaqwoy S 2707 fll 2wy

We take wlte € A,, 0 = 1+ , and we are done for p = 2. We use Rubio
de Francia's extrapolatlon to conclude that

Ty: LP(w) — LP(w), weAd, (1<p<oo)
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The Bochner-Riesz operator at the critical index

A restricted weak-type estimate

|dea Behind the Proof of:

Theorem (Carro, D-S)

Given u € A1, for some 1 < pg < oo

IT5 (B | Lro oo ((Mxcm)1—rou) S w(E)/P0.

v Decomposition of the kernel K =}, K,
v" Decomposition of the set E = J, E},

v~ Main Lemma.
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The Bochner-Riesz operator at the critical index
A restricted weak-type estimate

Decomposition of F

Given 0 < a < 1, we have disjoint dyadic cubes {Q%}; 1 and we can
decompose a set £ C R"

E=JE.=JEn(UQ). with

k>0 k>0

|EN Q;]

~ Q.

121

233

By

E=FE UEUE;
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Main Lemma

Given 0 < e < 1, we can decompose a set & C R"

E:UEk:UEﬂ(UiQf).

k>0 k>0

Let 0 < <1, E=UgE and u € Ay. Then, for every 1 < s < oo, if

FS(I') = ZKJ w3 XEj—s(x)7
j=s

(@) IE]3 S 27alE

’
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(b) 1220 S au(B),
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Main Lemma

Given 0 < e < 1, we can decompose a set & C R"

E:UEk:UEﬂ(UiQf).

k>0 k>0

Let 0 < <1, E=UgE and u € Ay. Then, for every 1 < s < oo, if

FS(I') = ZKJ w3 XEj—s(x)7
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Main Lemma

Given 0 < e < 1, we can decompose a set & C R"

E:UEk:UEﬂ(UiQf).

k>0 k>0

Let 0 < <1, E=UgE and u € Ay. Then, for every 1 < s < oo, if

FS(I') = ZKJ w3 XEj—s(x)7
j=s

(@) IE]3 S 27alE

(@) IRI2 S 27 0u(B),
(b) 1Ful22 0 S au(E), i

1

(c) HFS||%2((MXE)—1) SI|E
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Main Lemma

Given 0 < e < 1, we can decompose a set & C R"

E:UEk:UEﬂ(UiQf).

k>0 k>0

Let 0 < <1, E=UgE and u € Ay. Then, for every 1 < s < oo, if

=Y K *xp,_.(2),
j=s

(a) R3S
(b) 1220 S au(B),

(d) 1FalZ2 () S 27 0u(E),

(&) I1F 2 atp- 0wy S 2P '~ u(E).

(c) HFS||%2((MXE)—
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Weighted results for T’

So we have that

IT5(XE) || ro-os (Mym)i—rou) S W(E)YP0,  (u€ A1,py > 1),
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Weighted results for T’

So we have that

”T/\(XE)||L”0’°°((MXE)1*POu) S U(E)l/p07 (u € A1, po > 1)’

(8
ITNfllLroo ) S IfllLrwy), (u € Ay,

I
1T f ey S 1 vy, (P> Lw € Ap).
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An application

Consider a radial Fourier multiplier

T f(€) = m(IE) F(©),

where m € L>(0, 00) such that ¢"z" D"3*

£eR”,

m(t) € L(0,0).
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An application

Consider a radial Fourier multiplier

Tnf(€) = m(IEP) (), §eRr,

where m € L>(0, 00) such that =" D" m(t) € L1(0, 00). Then, one
can prove that there is ® € L'(0, o) such that

m(ll) = | N ( - '5')+ B(s)ds.
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With this, we have

where o
— €2\ -
Bsf(g) - - f(é)
+
If K is the kernel associated with T, and K, with By, then

K(z) = s"K(sx).
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An application

With this, we have

where -
s €2\ -
Bsf(g) - - f(é)
+
If K is the kernel associated with T, and K, with By, then
K(z) = s"K(sx).
From the estimate for T\, we deduce the uniform bound

IBsXE | Lro-o (ax)i-row) S W(E)/P0.
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An application

Using now that LPo*° is a Banach space, we can use Minkowski's
inequality!!

o)
1T xEll oo (Arxz)t-row) 5/ 1Bsxlll®(s)lds < u(E)H/P°.
0
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An application

Using now that LPo*° is a Banach space, we can use Minkowski's
inequality!!

(oo}
1T X Ell Lro.2 (M)t —r0u) 5/ IBoxel|®(s)|ds < u(E)!/P.
0
From this, we extrapolate down to p = 1:

1T fllree ) S Ifllzr)y, w € As.

Notice that if we only have a weak-type (1,1) estimate, averages do not
inherit this property.
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Thank you for your attention!

Muchas Gracias!
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